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Abstract 

A procedure is described to associate fibre bundles over the circle to two- 
dimensional theories with defects which have their field equations and defects 
described by a zero curvature condition. 

1 Introduction 

The lagrangian formulation of two-dimensional integrable theories with certain dis- 
continuites called defects has been the subject of some works in the last years. The 
theories analyzed include the cases of the Liouville, sine-Gordon and abelian affine 
Toda theories |l]-[2], the nonlinear Schrodinger theory [3], the complex sine-Gordon 
theory |1] and supersymmetric extensions of the sine-Gordon theory [5]- [6]. 

In the section 2 we review the Liouville theory with defect. In the section 3 we 
consider general theories with defects admiting a zero curvature description for their 
field equations and defects. We show that these field theories define in a natural way 
fibre bundles over the circle in such a way that theories in the absence of the defect 
correspond to trivial fibre bundles. In the appendixes A and B two calculations of 
the section 2 are given. 



2 The Liouville theory with defect 

The Liouville theory is an abelian conformal Toda theory. Its field equation is given 
in terms of a zero curvature condition 

dA-dA+ [A, A] = 0, (2. 1) 

where 

A = Be-B-\ (2. 2) 

A = -e^ -dBB-\ (2. 3) 
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where z = t + x, z = t - x, d = = (l/2)(9i + d,), d = = (l/2)(9i - d^), 
A = A, = (l/2)(^ + A,), A = A,= (1/2)(A - A,), B = exp(0/i), = /xE,, 
e~ = fiE-a, € H and (/t, ii^^, ii^-a) are the Chevalley generators of the Lie algebra 
A: 

[h, E±^] = ±2E±^ and (2. 4) 

[E^,E_^] = h. (2.5) 

The field equation is 

ddcj) = /i^e"^'^. (2. 6) 

(A parametrization B = exp (—(/)/;,), = yui^^ and e~ = —fiE^a would result in the 
equation dd(f) = fi'^e^'^.) 

There is a standard procedure [7j to obtain the lagrangian of the Toda theo- 
ries using their relation to the Wess-Zumino-Witten theory. The lagrangian of the 
Liouville theory is 

L = -^d<pd<P+^e-'^, (2. 7) 

where k is constant. The theory defined over all the real line IR, that is, a; G IR, in 
the absence of the defect, is denominated the theory in the bulk. The lagrangian of 
the Liouville theory with defect is given by 

L = e{-x)Li + e{x)L2 + 6{x)Ln (2. 8) 

where 

L, = -^dcj>,dcP, + ^e-'^^, (2. 9) 

Ld = ^ihdth - hdth) + 5(01, 02), (2. 10) 

p G {1,2}, 6 is the Dirac delta function, 6 is the step function, {d6{x)/dx) = S{x), 
with the choice 9(0) = 0, that is, 9{x) = 1 if a; > and 9{x) = if x < 0. Note that 
this choice implies that 



r 5{x)dx = r ^^dx = l = - f 5{y)dy = [ 

Jo Jo Ja J- 



rO 

5{-x)dx, (2. 11) 



—a 

AQl ^\ p—a pa 



6{x)dx = I '^^^dx = = - / 5{y)dy = I 6{-x)dx, (2. 12) 

J-a dx Jq Jq 

Va > 0. The functional i?(0i,02) is called the border function and it depends on 
the fields 0i and 02 but it does not depend on any of their derivatives. The border 
function is going to be determinated by an argument related to the conservation of 
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a modified momentum assigned to the theory. We have that 



x)e-'^^ + 6{x) — - —dt(t>2 , (2. 13) 



5L ^/^^/i/ ^ -2tt>o , s:f \ f ^B ^ k 



ST k k k 

ST, h k k 

^^WM = "i^'^"^^^' " ^'^'^^ ~ ^K-)dth + ^^(x)5.0,. (2. 16) 
The Euler-Lagrange equations 

p G {1,2}, are equivalent to: 

a) If a; > 0: 

dd(l)2 = fi^e-'^'^'. (2. 18) 

b) If X < 0: 

aa^i =/iV2^\ (2. 19) 

c) If a; = 0: 

47r 55 

5*02 - 9,01 = -rT- and (2. 20) 

/e 001 

a.02 - a,0i = — (2. 21) 

k 002 

The equations (12. 20p and (12. 211) are called the defect conditions. Note that we do 
not have a condition 0i = 02 at x = 0. 

The energy-momentum tensor is given by 
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^""^E^-^Sfl^aA-P-i (2.22) 



where goo = 5-°° = 1, gu = 9^^ = -1, 9oi = 9w = 9°^ = 9^^ = and (t, x) = x^). 
Thus 

Jo 47r St Sx Att Jo dt dx 



The time derivative of P is 

dP dP^^^ dP^^'^ k 



dt dt dt Atx 



[{dtd^(f)i)dt(f)i + {dt 0i)9,0i](ix 



— oo 



+ / [(5tc',02)5t02 + (5,>2)5.02]rfx. (2. 24) 



Using fl2. 191) . we have 



{otdMdt(f)i + 9^.01 (9^01 + 



dt 



k 



where 



27r 



p e {1,2}. Then 



dt 



+ 



dx. 
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The other term in fl2. 241) can be treated in a similar way. Thus 



(2. 25) 



(2. 26) 



(2. 27) 



dP_k_ 
'dt ~ An 



(d^ (d^ An ■ 



|0 A; 



+ 



I oo 

lo ■ 



(2. 28) 

The kind of terms at ±oo are aheady present in theory defined in the bulk (in 
the absence of the defect) and we are going to ignore them. Considering only the 
contribution from x = and using the expressions for dx(f)i and dx4>2 from fl2. 201) 
and (12. 2ip . we have 



dP 

'dt 



^SB ^SB 2n { 5BV 2n { 5BV 



If 



2n nBV 2n nB 
6B{<p,,(f)2) SM{<p,,(f)2) 



+ Vi-V2 



0, 



ocpi 0(P2 

^^(01, 02) _ (5M(0i,02) 
502 (501 

for some functional M, in such a way that 

5^B 5^B 



\x=0' 

(2. 29) 

(2. 30) 

(2. 31) 
(2. 32) 



then 



'dP\ 



d_ 
di 



[M{t,x)] 



I (t,x=Q) 



dt 



[M{t,x = 0)] 



(2. 33) 



(2. 34) 
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and 



d 
di 



[P + M{t,x = 0)] = 0. 



(2. 35) 



Thus the modified momentum P + M{t,x = 0) is conserved provided we have the 
relations fl27^ - fl27^ . 
The energy is given by 



E 



k_ 

k 







- (9*02)' - (d^hf 



dx 
dx. 



Using (12. 181) and fl2. 19p the time derivative of E can be evaluated as 



47r 



(2. 36) 



(2. 37) 



Ignoring the terms at ±oo and using the expressions for 9^.0i and dx(f)2 from (12. 201) 
and (12. 2ip . we have: 



and 



j^[E-B{t,x = 0)]=0. 



(2. 38) 



(2. 39) 



Thus the modified energy E — B(t,x = 0) is conserved. Note that we do not need 



the expressions ([DO])- ([03]) to get (127^ . We introduce 
b2- Then 



6(f)' 
_6_ 



1 / J 5_ 

2 50^ 



If we write 



B- 



B{(t>iA2) = B+{ct>\ , 
we see that fl2~3TD - (l2~32D is solved by 

M = 5+ - fi^. 

Using (12. 401) - (12. 42p . we see that the equation (12. 300 is equivalent to 



^5B+ 6B- 

' 64>+ 64>- 



^) /iV'^^sinh(0-). 
27r 



and 

(2. 40) 
(2. 41) 

(2. 42) 

(2. 43) 

(2. 44) 



This equation is solved by 

k 

5+ = —fiXe-'^ and (2. 45) 

B- = ^^^cosh<p-, (2. 46) 

where A is an arbitrary constant. 

The defect conditions, given by the equations (12. 201) - ( [2. 21L are equivalent to 

d{cf>i - 02) U=o = 2/iAe-'^^ U=o and (2. 47) 

a((/.i + 02)U=o = ^sinh(0-)U=o. (2. 48) 

Suppose that the equations (12. 471) and (12. 48p hold not only at {t, a; = 0) but at all 
{t,x). Then taking the d derivative of (12. 471) and using (12. 481) . results 

dd{(j)i - 02) = /i'(e-2'^^ - e-^'^'). (2. 49) 

Similarly, taking the d derivative of (12. 481) and using (12. 471) . results 

dd{(P, + 02) = /i'(e-2<^^ + e-^-^^). (2. 50) 

We see that (12. 49p and (12. 501) imply that (0i is a solution of the Liouville equation) 
<^=^ (02 is a solution of the Liouville equation). That is, if the equations ( 12. 47p and 
(12. 48p were valid at all the points (t, x) they would be Backlund transformations. 
As (12. 47p and (12. 48p are supposed to hold only at the point {t,x = 0), they are 
said to be frozen Backlund transformations. 

From (12. 2\) and (12. 30 we can obtain At and A^. It is convenient to us to 
apply a gauge transformation to {At, A^) with a group element given hj g = to 
obtain {Af, A^). To simplify our notation we are just going to write {At, A^) instead 
(AlAl): 

At = -fie-^Ea + jje-'f'E^a + and (2. 51) 

A^ = ^le-^E^ + /ie-'^E_„ + (2. 52) 

As the curvature transforms as F^^ = gFtxg~^, we see that (F^ = 0) <^=^ {Ftx = 0). 
That is, the zero curvature condition 

dtAx-dxAt + [At,Ax] = (2. 53) 

is equivalent to the Liouville equation (12. 60 . where At and A^ are given by (12. 510 
and fl2732|) . 
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Now we want to describe a procedure [T] to obtain the field equations (12. 18p - 
(12. 191) and the defect conditions (12. 201) - (12. 211) as a zero curvature condition in 
the following sense: Define 







(2. 


54) 


A^' 


= ^^e-^^E^ + ^,e-^^E__^+^'^f, 


(2. 


55) 


Di 


- (9^01 dt(t)2+ , and 
k dcpi 


(2. 


56) 


D2 


Ati5B 

k 0(p2 


(2. 


57) 



p G {1, 2}. Note that = and £'2 = are equivalent to fl27^ and (127^ . 
Let a, 6 G H, a < < 6. Define 

a) V(t, x) G IR^ such that x <h: 

ij^^ = [d{x - a) + 0(a - x)]Af'^ - -e{x - a)Dih and (2. 58) 
i«^^(a-x)A«. (2. 59) 

b) V(t, x) G IR^ such that x > a: 

if = [^(x - 6) + 9{b - x)]Af^ - ^9{b - x)D2h and (2. 60) 

A^^^e{x-h)A^\ (2. 61) 

Let 

a^ii^) - + [ir\ ii'^] = and (2. 62) 

d,Af'^-dAf^ + [Af\Af^ = Q. (2. 63) 

One can verify, as explained in the appendix A, that: 

a) The equation (12. 621) imphes for x < a in the equation (12. 531) calculated at 
{At, A^) = {aI^\ Ai^^) and this is equivalent to fl2. 191) . 

b) The equation (12. 631) implies for x > 6 in the equation (12. 53p calculated at 
{At,A^) = {A[^\A^x^) and this is equivalent to (12. 1811 . 

c) The equation (12. 62p implies for x = a in = and this is equivalent to 
fl27^ . 

d) The equation (12. 630 implies for x = 6 in = and this is equivalent to 

dOID. 

e) In the intersection a < x < b, the equations (12. 620 and (12. 63p imply that 

5.01 = 5.02 = 0. (2. 64) 
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The idea is that we can take \a\ and b so small as we want and in this case the 
conditions a) to d) would correspond to the field equations and defect conditions as 
expressed in f l27T8|) - fl2~2T]) . 

Note that the intersection of the domains in which {A[^\ A^'^) and {A^^\A''x^) 
are defined is (t, x) G such that a < x < b. Suppose that in this intersection the 
two connections are related by a gauge transformation [T]. In this case, 
(12. 621) <^==^ (12. 631) . Note that in the intersection a < a: < 6 we have 

group element g that gives the gauge transformation 
must be ^-independent. We need to find g such that 

if) = gAfg-' - {dtg)g-\ (2. 65) 

We can verify, as explained in the appendix B, that 

g = e"— e^^-^-e— (2. 66) 



where A is the constant introduced in the equations (12. 451) - (12. 46p . Note that g 
is x-independent as a consequence of (12. 64p but it can be t-dependent. 



3 Two-dimensional integrable theories with 
defects and fibre bundles over the circle 

In this section we consider general theories which have the following structure: their 
lagrangians have the form 

L = 9{-x)Li + e{x)L2 + 5{x)LD. (3. 1) 

The field equations and defect conditions corresponding to (13. ip can be expressed 
as a zero curvature condition associated to two sets of gauge potentials. That is, it 
is possible to define 

a)if) and A^x \ V(t,x) G IR^ such that x <b] 

h)Af'^ and A^x \ V(t, x) G IR^ such that x > a; where a < < 6, such that 

- + [A?, ii'^] = and (3. 2) 

d,A^^-dxAf^ + [Af\A^)] = Q (3. 3) 

correspond to the field equations (for x < a and x > b) and defect conditions (for 
X = a and a; = 6) in an analogous way to that described in the section 2 in the 
case of the Liouville theory with defect. In the intersection, {t,x) G IR^ such that 
a < X < b, (13. 2p and ( 13. 3p imply that the fields of the theory obey some additional 
set of equations, as (12. 64p in the case of the Liouville theory with defect. We 
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suppose that in this intersection the two sets of gauge potentials are related by a 
gauge transformation 

if) = gAf^g-' - {dtg)g-\ (3. 4) 

i« = gM^g-' - {d.g)g-\ (3. 5) 

where is a group element. 

That is the situation we are proposing to analyze. The key role is played by the 
group element g. We suppose that the defect is placed at x = 0, but this can be 
generalized easely. As a and h are arbitrary, to simplify our discussion, we are going 
to take |a| = 6 = r > 0. 

Note that in the Liouville theory with defect we were in fact dealing with the 
Minkowski Mk"^ space- see (12. 22\\ -. That is, the differentiable manifold IR^ with 
the metric tensor g^'^^"'^ = dt ® dt — dx ® dx (in global coordinates) and a Levi- 
Civita connection. In this section we consider the differentiable manifold IR^ with the 
constant metric tensor given by the general expression g'^'^*"'^ = etdt^dt + e^dx^dx, 
where = ±1 and = ±1 (in global coordinates) and a Levi-Civita connection. 
The Euclidean space E"^ corresponds to = 1 and = I. 

Now we are going to review the definition of fibre bundles. Then we are going 
to see how a fibre bundle can be constructed from a minimal information and apply 
that process to our case. 

A coordinate bundle ^ {E, vr, M, E, G, {Ui}, {(pi}) consists of the following ele- 
ments: 

a) A differentiable manifold E called the total space; a differentiable manifold 
M called the base space; a differentiable manifold E called the fibre. 

b) A surjective map ir : E M called the projection. The inverse image 
7i~^{p} = Ep is called the fibre at p, Vp G M. 

c) A Lie group G called the structure group, which acts on E on the left. That is, 
there is a differentiable map T : G x E ^ E such that T{gi,T{g2, /)) = T{gig2, f) 
and T(e, /) = /, Wgi,g2 & G, & E, where e is the identity element of G. (Note 
that a Lie group is, by definition, a differentiable manifold.) We simplify the notation 
writting T{g, f) = gf. 

d) A set {Ui} which is an open covering of M {[J- Ui = M) and a set where 
each 0j is a diffeomorphism (pi : Ui x E ^ n^^{Ui) such that iKpiip, f) = p,Wp E Ui, 
V/ G E. The map 0, is called the local trivialisation. 

e) We define (pi,p{f) = (pi{p, /), Vp G Ui, V/ G E. Then the map (pi^p : F — >• Fp is 
a diffeomorphism. If Uif]Uj ^ 0, we require that tij{p) = (p^^(pj,p : -F — ^ F be an 
element of G. Then (pi and (pj are related by a differentiable map 

tij : Ui^Uj ^ G as: 

fj) = (Piij>. tij{p)fj)- (3. 6) 

{tij} are denominated the transition functions. 

Two coordinate bundles 
{E, 71, M, E, G, {Ui}, {(pi}) and {E, vr, M, E, G, {Vi}, {ipi}) are said to be equivalent if 
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{E, 71, M, E, G, {Ui} [J{Vi}, {(pi} [Jii'i}) is again a coordinate bundle. The fibre bun- 
dle is defined as an equivalence class of coordinate bundles and is usually denoted 
by (E,7r,M,F,G). 

We require the consistency conditions: 

a) Vp e 

tM = e. (3. 7) 

b) \/peUif] Uj 

UM = [tApT'- (3- 8) 

kj{p)tjk{p) = tik{p)- (3. 9) 

If all the transition functions can be taken to be identity maps, the fibre bundle 
is called trivial. A trivial bundle is a product manifold M x E. 

The minimal information to construct a fiber bundle [8] is given by 
{M, E, G, {Ui}, {tij}}, where M and E are differentiable manifolds, G is a Lie group 
acting on E by the left, {Ui} is an open covering of M and the set {tij} is such that 
each tij : Uif]Uj ^ G is a. C°° differentiable map satisfying (13. 7p -( |37~9l) . 

We define 

Eo = [jUiXE (3. 10) 

i 

and introduce an equivalence relation ~ between {p, f) G Ux E and {q, /') EUjXE 
if and only ii p = q and / = tji{p)f. 
The total space is defined by 

E = Eo/r^. (3. 11) 

Let us denote the equivalence class of (p, /) by [(p, /)]. Then [{p, f)] G E. The 
projection is given by 

n:[ip,f)]^p (3. 12) 

and the local trivialisation is given by 

^i--ip,f)^[ipJ)]- (3. 13) 

It is possible to verify that this construction defines [8] a coordinate bundle. 
Then the fibre bundle is the equivalence class containing this coordinate bundle. 

Now let us apply this process to our case. We need to specify M, E, G, {Ui}, {tij}. 
We take E as the Lie group itself. This corresponds to consider a principal fibre 
bundle. Of course, having a principal fibre bundle, one can construct its associated 
vector bundles [8]. 

Let the set S^{r) be defined by 

S\r) = {{t, x) G IR'lt' + x^ = r^}, (3. 14) 
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where r G IR, r > 0. We want to make S^{r) a topological space. The open ball of 
radius R {R E JR, R > 0) and center (to, xq) G 1R^ is defined as 

B^{to,Xo) = {{t,x)eJR^\{t-tof + {x-Xoy<R^}. (3. 15) 

The usual topology of IR^ is the one such that V C IR^ is open if and only if, \/p & V, 
3B^{p) C V for some radius R > 0. Note that, in particular, B^{p) and IR^ — {p} 
are open sets of IR^, G H^, WR > 0. We give to S^{r) the topology induced by 
IR^. That is, U C S^{r) is open if and only ii U = S^{r) f] V, where V is some open 
set of IR^. Note that, in particular, S^{r) — {p} is an open set of S'^(r), Vp G S^{r), 
because 

S\r)-{p} = S\r)f]{M'-{p}}. (3. 16) 

It is possible to give to the topological space S^{r) a differentiable structure in 
such a way it becomes a differentiable manifold [8]. We take M as the differentiable 
manifold S^{r). 

We need to specify an open covering {f/j} of S^{r). We define 

Ui = S\r) - {(t, x) = (0, -r)} and (3. 17) 

U,^S\r)-{{t,x) = {0,r)}. (3. 18) 

Note that {t,x) = (0, -r) G ^^(r) and (t, x) = (0,r) G ^^(r). Then^i(r) = Ui[jU2. 
Note that 

f/if|[/2 = A|jB (3.19) 

where 

A = {{t,x) G S\r)\t > 0}, (3. 20) 

B = {{t,x) e S\r)\t <0} and (3.21) 

A Pi 5 = 0. (3. 22) 

We need to specify {tij}. As our open covering has only two open sets, we need 
to specify C°° differentiable maps tu '■ Uif]U2 ^ G, t2i : Uif]U2 ^ G and we do 
not need the equation (13. 91) . We take 

t2iip) = [ti2{p)]-\ (3. 23) 

in order to satisfy (13. Sp . 

As we said before, we are taking \a\ = b = r > 0. Let 

I = {{t,x) eH^l-r < X <r}. (3.24) 

Then the group element g in the equations (13. 4p and (13. 5p defines a map g : I ^ G. 
Note that 

Uif]U2 = A\Jb C I. (3.25) 
11 



Now consider the restriction of g to A[J B. li g : A[J B ^ G is a C°° differen- 
tiable map, we can define tu : f^i fl ^2 ^ C by 

ti2ip)=gip), (3. 26) 

By last, suppose we have a theory without defect such that its field equations 
are expressed as a zero curvature condition in terms of the gauge potentials At and 
A^. We can define 

a) V(t, x) e IR^ such that x <b 

A[^\t,x) = At{t,x) and (3.27) 
A^^\t,x) = A,{t,x). (3.28) 

b) V(t, x) G IR^ such that x > a 

A[^\t,x) = At{t,x) and (3.29) 
Af\t,x) = A^{t,x). (3. 30) 

Where a < < 6. Then (13. 2\\ and (13. 3p correspond to the field equations without 
defect and in the intersection {(t,x) G lR^|a < x < b} the gauge potentials are 
related by a gauge transformation (13. 4p and (13. 5p where g is the identity element 
of G. It follows from (13. 26p that all the transition functions are the identity element. 
Thus we have a trivial fibre bundle. 



4 Appendix A 

Using (127381) and (127^ we see that, V(t, x) G IR^ such that x < b, fl2~62D is 
equivalent to: 

e{a - x)dtA'^^ - [6{x - a) - 6{a - x)]Ai^'> - [e{x - a) + e{a - x)]d^AP 

+ -9{x - a)d^Dih + -5{x - a)Dih - -e{x - a)0{a - x)Di [h, A^] 

+ [^(x-a) + ^(a-x)]^(a-x)[AS^\A«] = 0. (4. 1) 

Similarly, using (12. 60p and (12. 6ip we see that, V(t,x) G such that x > a, 
(12. 631) is equivalent to: 

e{x - 6)9*^(2) - [5{x -b)- 5{b - x)]Af^ - [e{x - 6) + e{b - x)]d^Af'^ 
+]^e{b - x)d^D2h - ^5(6 - x)D2h - U{x - b)e{b - x)D2[h, ] 

+[e{x-b) + e{b-x)]e{x-b)[Al^\A^^^] = o. (4. 2) 
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a) Let X < a. Then, from fl4. II) . 

b) Let x>b. Then, from (SZ^D, 

a,ii^)-a.iP + [if,if] = o. 

c) Let X = a. Then, from (14. ip . 

Di = 0. 

d) Let X = b. Then, from (14. 2p . 

D2 = 0. 

e) Let a < a; < 6. Then, from fliTTl) and (147^ . 

-d^A'j^'' + ^{dMh = and 



(4. 3) 

(4. 4) 

(4. 5) 

(4. 6) 

(4. 7) 

(4. 8) 



Using dai, (I2Z3SD, fl^:^ and (1^731) - fl^737|) . we see that fHTTI) and fH~g]) are 
equivalent to 



-^id,(j)ie-'^'E^ + fid,<P,e-'^'E. 
+ 



_ /.A9.(e-^-<^^) + ^9.[sinh(0, - 02) 



+ 



2 i + /iA5,(e-^i-^^) + ^a,[sinh(0i - 02)] 



h = and (4. 9) 



h = 0. (4. 10) 



From (H7~^ and (14. lUI) . we see that 

5x01 = 5x02 = 0. 



(4. 11) 



5 Appendix B 



We want to find the group element g in such a way to satisfy the equation fl2. 65p . 
In order to get an expression which has no derivatives we write 



g = e 2 gee ^ , 



(5. 1) 
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where gc is a group element which is t-independent and x-independent. After some 
manipulation, we find that (12. 65p is equivalent to 

(f) (a '^H-.(f)(^).^0. ,5., 

We try a Gauss decomposition to gc- 

where Ai, A2 and A3 are constants. Then, we find that 

gcE^ag:' = e-2^^(E„, + \,h - A?K), (5. 4) 

g^hg^^ = h- 2\iE^ + 2X^6-^^' {E_^ + Ai/i - A?E«) and (5. 5) 

gcE^g-^ = e^^'E^ - \s{h - 2Ai^«) - A^e-2^^(E_„ + Xih - XjE^). (5. 6) 

Now, as (15. 20 has terms proportional to E^, E_a and h, we have three inde- 
pendent equations. By (12. 421) . (12. 45p and (12. 46p . we see that each one of these 
equations has terms that are proportional to e^^~^^, e"'^^"^'^^ and e~'^^~'^^. Thus, we 
have nine equations for the three variables Ai, A2 and A3. They can be solved and 
the result is 

Ai = 2A and (5. 7) 

A2 = A3 = 0, (5. 8) 

where A is the constant introduced in the equations (12. 45p and (12. 460 . 
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